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AP+ AXd=0 in €, Od=0 on Of)
FAE () FABE {00 Y5 TE 57

[Rayleigh Quotient (L 1 ') —)]
R(D) :/\Vcb\?dx// ®*dr (P € X = Hy(Q))
Q Q



M =mH{R(¢) | o€ X, ¢ £0}
BUMES {6,)22, C HL(Q) #ERICIS. 2Ok &

R(dp) M =T (p — 00)

Jc > / Vo> dr = )\, /|¢p\2d:ﬁ:1 (p=1)
Q Q

/Q\V%\de < c+ |7
3 {dp(n 152 C{dply C Hy(Q), 301 € Hy(Q) st
dp) — P in Hy(Q), ¢y — &1 in L), /Q|q>1\2dg; — 1.
OV LD E R EREIZ KD
A1 = lim mf/Q Vo, de = /Q IV, |2da.
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Lemma. & (Z7cDEEEZE 2D, )\ ZEEHEE 25,
[0V - nbip)de =0 (o€ X = Hi(©)
Q
N 2R EHEME, O IS AEEREKE 5.

Ay = 1nf{R<¢> | gb < X7 qj) 7’:—é 0, (Qb, (I)1>L2(Q) — O}
O; DEKHZEFICB W THMOEMZ RO ET I LD, B2EAMHE N 2 Ny, &3
I HEEREBE O, 255, 22T Oy L Oy, [Py 2 = 1 KHERT S, ZOBEEZKED
K3 Z &, [EAHES]
MEXEME--SA S
LEHREBR RS
DOy, Dy, Pg, -+, Dy, - -

Proposition. A EDEAME & FEABEEIZEI U lim,,_ oo A\, = 00 DIEKAT U, [EA BEECA
{@,,}0°_, 1% L*(Q) THREEHERRLRD.
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a(x) = 0 in 0.
B A S & CREABE {32, {9k}, BEARD LAY —i§IZ & b aiHi & [ Ui

Ehnb.

o
AD+ XD =0 in Z—+a( ) =0 on 0N
%

[Rayleigh Quotient]

R(P) =

(/Q|V<I>|2da:+/ma(x)®(x)2ds> //Q\@de (P e X =H'Q))
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Max-min principle
T4V 7 UVERSEM aNVERSM, A VERSHEOIE L TRILT B, [EEHE
DR T e TH 2 Re/NEHE 2B L LS.

BB, H(Q) 1F L(Q) OEDEMTEDRITGREZ i M PO DKL TEH ZDL &
EAMEIEZLTDO L S IZRE S,

Theorem. k£ € N.

A= sup  (inf{R(¢) | p € X, ¢£0,¢ LYinL*Q)})
YeH,_1(Q)

(proof) FDIEE A, £ EL.
{e}isy, {Pr}i, previous argument
(Step 1) £9° A\ S Ny BRT. IR RS 2]
Y = L.H[y, -, &)_1]
X k-1 THD. £oTY € Hp1(Q)
Ae 2 nf{R(¢) | € X, ¢ #£0, ¢ €Y}
=nf{R(¢) | p € X;0 £ 0,(9, P1) 20y = - = (¢, Pr—1) 1200y = 0}



AN IT—ET B FLUTA 2 M\ DRED.
(Step 2) {RIZHR 7> 2= [H]
Y' = LH[®,-- O
B ERIZY e Hpi(Q) ZHS. T2 TRGEMABREIZEDY' NYLA£{0} &7 5
yANYS

k
ZC](I)J )y eY'nY*:, (e, e, ,c) #(0,0,---,0)
1

=
PFAET 2. nf{R(¢) | d€ X, 620, 6 €Y1} S Rv) £72BDT

= (Z%Cﬂ) / (chz) S A

nf{R(¢) |p € X, pZ£0, 0 €Y} <\,
Y € H1(Q) TLERZEI ST, IWAE5.

o= sup  (inf{R(g) [ ¢ € X, 0£0, € Y}) <\
YeH, 1()

DS, LoT



[ Dirichlet EH&{EDMRIEKEEH ]
T4 V7 VERENOGEITIZMEBOWEIZET 5 KINDVEEHEO/NKEZELS LW
HLWHEEZDRARD.
Theorem. Q) C O ZIRET D, {\s}72, 2 Q; (j=1,2) ICNTHEAHEE TS 20D
YEVEZTIZHUT, Aoy < Ay g DKL T B
(Proof) G52 & AT 5. ¢ € L*(Qy) ITXL,
R K CONCAS)
0 (CC e () \ Ql)
5. Z C L) ITRL, B#dT S L2(Q) OEBm % %
Zig, = {¥, € L*() | V € Z}
TEDD. HL p=0 746 IXEH
Hp() 3 Z — Zjg, € H,p(C1)

TEHTH 5.



ZHIZ & > THEIZ L DIRDOAEFEAERS.
Me(2) = sup (Inf{Ra(®) | & € Hy(S2), ®£0, d Ly Z})
Ze€Mr_1(02)

< s (nf{Ra(@) | 6 € H(), 0 £0, 6 L5 Z})

 ZeM; ()
o (f{Ri(0) [ 6 € HYQ), 620, 6 L1 Y}) = M)
YeH ()

PLEIX 4] Z2ETHRI TV S,



FENQBEBEY EEHREERR(Z 7727 Y)
KETTIENT A =R IZKFT 2D, RASHPDREMEZE DZK % U CHIETA
WESIZINEKRT A2 — 225, TTEFRHEE QO CR 2HEET 5.

HBEIFEIR Q(e) (e >0) D2DDXRA T

(A)Q(e): INSTRIRBHBWIERIE (> 2)V) @ D (with some B.C. for emerging boundary).
Qe) : € — 0 DIEFE T

(B) Q(e) D—HBMBMERITTE S IR (Neumann B.C.)
Qe) : € — 0 DIEFE T

FGTE Ap(e) DXEBAEFARS
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INZ 729X % F D FEIE D Dirichlet [#E 44 {E D & #j)

O C R (n=2) AR O cQBEFEL Q Q) =Q\ B(O,e) D k%FHD Dirichlet
EA T M),y DENS VI L% RS, A\ < Mile) 1ETTIZHBLT W3,

Proposition. lim. . A;(€) = Ay

(proof)
DGl QEBE A1) 2 LEAR (007, ST 5 E AR ERE SR L)

D21 Qle) T U 7 LR T OFEAE

1 NA TR rg >0 Z/NE<KHY B(O,rg) CQ &5 L5120 TEL. LTNDOREE
ZHETS.

V4

 log(Jal/e)
log(ro/e)

p6<37>
B E TN 255

z) — 1|%dx = ! 2dy — O<\1olge\) (n
/é'x'%!pe() e O<(1og€)2>’ /6§x|§r0|vp€< I {0( L) (n

for xeR" e |x| <.




0<esry. ZZ°T

5(@__®A@ for € Q\ B(O,r)
BV pu@)®p(z) for @ € B(O, 1)\ B(O,€)

S € HYQUe)), dre = 0 on Q(e). BOEBEANETINERS.

(gp,& 56,6)[,2(9(5)) — 5(]7, g) + /{/<p7 f’ 6)7 (Vgp,& V%ﬁ,e)LQ(Q(e)) — )‘p5<p7 6) + ’i<p7 ga 6)-
7277 L

1 1
l,e) =0
|1Og€|>7 HJ(pv 7€> (|1Og€’1/2

ThB. BKEUNFIIZ LD (o) IS S, £

Ee — L-H’[al,a 52,67 T 75]{,6]

Y$2% dimE. = k for small € > 0 7287 5

(Gpes Pre) 120y = 0(p, £) + O(|log €| ™)

k' (p, L, €)= O

) for 1Sp LSk




forp,0 21 THBP6. ITERIZHSZER E C L2(Qe) ZdimE <k—1&7%5 &5
IZHLS. £ 59 5 & IEHHRER

k

o(x) = crua) € E,

(=1
st. o L Ein L*(Qe)) WFET S, £oT

inf{R(P) | & € H(Qe)),&r = 0,0 L Ein L}(Q(e))}

< R(p) = VolPda /o]l 720
o0 (2(e))

FRMEIC &)~ E LS 2o S Jal = 1 EULTRWV (e Rtg) = Re(o)
(t >0)). 22T

(vq)ﬁ? VCI)€2>L2(Q) - )\515<€17 €2>7 (q)fl? CI)EQ)[?(Q)) — 5<€17 €2>

k k
/ Vo|*dx = Z / ce,ce, VO, VOydr = Z (Ae,0(£1, b)) + K(Ly, Lo, €))cy,cy,
(e) 01 Lg=1" $2E) 01,0o=1



k
Z Z El) 627 Cflcfg = )\k Z Cy - Z 817 627 Cflc@
=1 l1,09=1 lq,09=1
k k
/ ’@‘Zdilf = / Cglc@q)glq)gzdx = Z (5(51, €2> + K (51, ls, ))Cglch
£(e) 01,09=1 7 S2e 01,60=1
k k
— Z C% + Z /i’(gl, ls, €>Cglcg2
(=1 01 ly=1

Since SF_, 2 =1, ZHIT LD

Ne+ 300, gt KL, Lo, )]

L= 300, et 1801, 3, €)]

Fi8lE E OHD [FIzks20WDT EEZE - T, IROFM 2155 .
Ak+zk _1 |kl lo, €))

(1) Mi(e) L

L= 0, 0yt K (01, L2, €)

i e "y § )\k(e) § Ap + O(l) N D AVAC RS

Relp) =

= \p + O(|log e| +/?)




(A1) /NS 72 NZEH DMRE, BHEOCEEDHEERIL
QCR" ZEFHHEEE LT, ROEAEMEMEZ TS .
(1) AP+ AP =0 in € d=0 on I'=09.
DI B (5T & 2 IR 12X 5 T B)
acQ 2ERONELUTHEETS.
Qe) =Q\ Bla,e), T'(e)=0B(a,e), I =09.
Dirichlet B.C. on I'(¢)

(2—D) AD+ AP =0 in Qfe), d=0onI'(e)UT
Neumann B.C. on I'(¢)
(2—N) AP+ AP =0 in Qfe), d=0onl, 0P/Ov=0onIe)

A BRI (2-D), (2-N) O k EAMEE ZhEN AD(e), AN (e) L H<.



Shin Ozawa (’81,’83) MDt3.

Theorem (n =2 or n=3). (1) DEHE N\, FHEMTHDETDH. ZDEE, IRAKAL
ERAY

27/ log(1/€))Pr(a)* + HO.T. (n=2)
Theorem (n =2 or n=23). (1) OEAEME N\, IFHEMTH D LIRETSH. TD&Z, RN
JIRALT .
AV (6) - Ap = {ﬂ(—QV@k(aﬂz—i— (47i/3)®k(@)2)e* + HOT.  (n =3)
k F | m (-2 V0(a))® + MDi(@)?)el + HOT (n=2)

AP(E) — Ay — {47T<I>k(a)26 +H.O.T. (n = 3)



INEEDAE  JV—VEBOY Y 77— ARV —ROEEINXZInH UL s
) —UEREZBL TZ Y — AEHRDEEEOEHI AR % KD SiiE. 5 DORDH
S FAINTIRITTDHARAEL B Z LR EDNFHRIZR A S, 1980 FEHDKFRTRWHIEN R
AT WU IR SRR 2 R U 7= SO T H 4 L b s . (of. Ozawa (783,'92),
Roppongi (’93), Ozawa-Roppongi ('92)).

Swanson method : Swanson (’63) O {151 Dirichlet 2 DI EIT/NERO(LH X 0 5k
AUT—IBRNEWAIETH S, 72720, BEIAX T TIZIFEEL TV,



n =2 TNeumann B.C.DI5& CERE 2R d 5.
QOCREHREEEL acQ 2EERET S,
(1) DEAE, EAREED

{Metezr 5 4@k}, with (q)pvq)q)L%Q):(S(paQ)
i~ 29 5.

(2-N) D& 1H, [E A B
{)\ff(G)}Zip {Pretrey  with (q)pwq)qe)L?( ())—5@97(])
i’z 295,

Me(€) = A\ ZREBIZRIZW. ZDDTEREIZIELIIUTFD2DODI L TH5.
(i) EDMEABEE Op . OFFEUT T

(i) B\EBLE AR O ORE



(i) Pp DRHEHLTT
Proposition. EEDIELS {e(p)}>2, T lim,oe(p) = 0 £RDEDITH LU, FD S
{e(p(q))}o2y 1 {N o2, BLOREEMERR {O,}72, C LY (Q) dH->T
AP, + NP, =01in Q, &, =0 on 09,
SO
lim Ap(e(p(q)) = A, lim sup | Pp g () — Pp(z)] =0 (Vk €N)

oo 17720 2€Q(e(p(q)))

A

AL RIS D A, 7> & B 72 5HIE T D [E A BAEL D 51 & PR M DRREE. /3 7 B
IZ& o TIRDEL TOFHMIZ T 5. Qe) 24K TD—RRINAM: DRREE.

PLEZFHWTIROGERZES.
Proposition. A\; = A, (k = 1), lim,0 A\x(€) = M.



(i) JELE A RIS O ORERL. EEMHER Q 1281 2EARMEK ¢, 2HIET 5. ZHIER
Bla,) DRTT 4V 2 LA&MEHET LS LT hy MATT B 2225, %
TIROBEHEHET S
(Vor(a),r — a)
77]6< ) ‘Jf—a|2
FIEEHBECHBIZDONEZ LN SHED 5.

(harmonic in  R*\ {a}).

Vina) = L 4 (Vi) - a)
_ E@_‘ﬂgl _2(Vay(a), 7 — a) &”’_‘5‘1
M) = PO @), T




CBke(x) _ {@k(m) + e*n(z) (x € B(a,ry) \ Bla,¢))
’ Op(z) + () (x € Q\ B(a, 1))
72720 M IRDZ 77 AHRBEARDHE UTEDS. $§40b5 n ik
An=0in Q\ B(a,ry), n(x) =0 on 09, n(x) = ni(x) on OB(a,ry).
95,



S CHEEFROANEIZRES. HAEMHEAREANDOEEAZHWS.
/ (VPpe, Vo) — Aip(€)Pp cp)dx = 0 (Vo € Hl(Q(e)) with ¢ = 0 on 09)
Q(e)
SEE AR o = 3y 1Tk D,
/ (VD e, VD o) — Mo(€) DD ) = 0
Q(e)
L5,

Swanson trick :

B4 2 B, Ale) — A, RHIHIT 2



/ (VOyc, V(P + €mp))da + / (VOy.c, V(D + 1)) da
B(a,rg)\B(a,e) O\ B(a,rgp)

—)\k(e) (/ (I)k,e <(Dk + 6277k>d56 + / CI)]QG ((Dk -+ 6277\/€>d£6> — 0
\B(a,ro)\B(a,e) O\ B(a,rg)
Gauss-Green 2= & D

9
/ (Dk:,e_<q)k + 6277k)d5 — / (Pk,EAq)kdaj
o(Blarg)\Blae) OV Bla.ro)\B(a.e)
9 R
-|—/ (I)/ﬁe—(q)k; + EQUk)dS — / CIDk’EACDkdx
J(N\Blary) OV 0\ B(a.ro)

—)\k(G) (/ Cbkﬁ (q)k + 62?7k>d£13 + / q)kﬁ (Cbk + 6277\k>d£€) =0
B(a,rg)\B(a,e) O\B(a,rq)



ADp = = \P £ D

0
()\k<€> — )\k)/ @k,€®kdx = / Cbkea <(I)k + € nk)dS
Q(e) 0B(ae) V1
+/ d a(<I>+ )dS+/ d a(<I>+ )d.S
€ € € €
0B(a,rg) 8 ayl ¢ " 0B(a,rg) 8 aVQ ' nk

_>\k<€> (/ (Dkﬁ (EQT]k)dCIZ -+ / (Dkﬁ (EQﬁk)dfb>
B(a,rg)\B(a,e) O\ B(a,rgp)
=: I1(€) + Iz(e) + I5(e)

v1 is the unit outward normal vector of O(B(a, 1) \ B(a,¢))
o is the unit outward normal vector of 9(Q2 \ B(a,ry)).



AL DR & D IR B,
(Ar(€) = M) (P, Pr) 12100 = O(€°)
TIN5 YRS LA N DFEERDNED .
lim >\k<€> — >\k (\V/k‘ z 1).

e—0

T 0 RSB EE AR A KD TR <

1 1 0 1
—2]1(€> = —2/ @k7€—<@k + ean)dS = —2/ CI)/.C7€<VCI3]€(£C> — V@k(a), V1>dS
€ 0B(a,e) 0B(a,e)

€ 0] €

1 / 1 /
= PV Oy(x) = VPi(a), 11)dS + = / (Ppc — @) (VP(z) = VPr(a), v1)dS
0B(ae)

a % 0B(ae) ¢
= ]1(6) + 0(1)
OB(a,€) (ic. |z —al=¢) £
9~ 9

TP = g (Bn+ i) = (V(w) = V() 11) = O(e



e = €(p(q)) WxIL,

]3(@:—%62/ Ol npda — A 2/ / ,
L NkaX LE o' mdr +
B(a,ro)\B(ae) N Blar) Wkdx + o(€”)

— 62/ Aq)/ d 2/ R
KMEAT + € AP Pd 9
B(a,r0)\B(a,e) 2\ Blaro) Wkdx + o(€”)
~ 1 P, 5 | A
Is(e) = S1s(e) = / ( — P, 77%> / OP), . %z
77]“7 dS+ y 9Tk

5@’ 877k) a(D/ a /
= e — P dS+ / ( AL o, . _, Ok
/5’3“6 ((91/1 Fom dB(a,rg) \ V1 G k(%) 15+ /6?Ba7’o (5 vy BT kg, dS+o(1)




~ 1 1 0 1 0
I(e) = SIh(e) = = s d Dy, . N)dS
(0= a0 =5 [ g g [ ag@n

€
0 on;
:/ (I)ke nde—F/ q)ke nkds
0B(a,rg) oy 0B(a,ry) 9z
/877/6

O
= dS+/ Ol =—dS +
»/(93(0,7“0 kayl 0B(a,rg) kaVQ ( )
To(e), Tole) 05 RAEH B

~ ~ 0P’ 0
LO+he = [ Thpas— [ g2k
0B(a,e) OV1

dsS +
0B(a,e) kal/l ( )



Lemma.
Ii(e) = Mm@ (a)Dp(a@) + o(1) (e = e(pl(q)) — 0),

I(€) + Is(e) = =2 (VP (a), V&4(a)) +o(1) (e = e(p(q)) — 0),
(Sketch of the proof) 77— 7 —REZHWTH LS.

IR 2135

- Alelpla)) = A

) —
T (Pkeb@) P )

m(=2(VPi(a), VOr(a)) + A PL(a)Dy(a))
M [FHEFE D D), = <I>k 723 = -0, THY {e(p)})2, EETH o725

A — A
lim k(€) i

e—0 62

— 1(—2|VDy(a)? + \ry(a)?)
ZhREm CE 5.



LAR AR 1558 Calib 97 5.

(A1) Generalization : Domain with a thin tubular hole

Hereafter we deal with more general case of singular deformation of domains which has holes

of thin tubular shape. Let M be a m—dimensional smooth compact orientable manifold such
that M C Qand 0 < m < n — 2 and put

B(M,e) ={x € R" | dist(z, M) < €}, =00, TI'(M,e)=0B(M,e).
Note |B(M,€)| = O(e"™™).

Let Q(e) = Q\ B(M, ¢€) and A\’ (€) be the k—th eigenvalue of the Laplacian in (e) with the
Dirichlet B.C. on 0Q(M, €).



Due to G.Besson (’85), Chavel-D.Feldman (’88), C.Courtois (’95), the following
results have been established.

Theorem. Assume )\ is simple in (1)

NP(e) — Ny = ((n —m —2)|S""1 [}, Px(€)*ds) €2 +H.O.T. forn—m =3
(27T fM q)k(f)st) /log(1/e) + HO.T. formn—m =2

Here S"~™~1 is the unit sphere in R"~ and "H.O.T.” implies ”a higher order term”.



The case of Neumann B.C., Robin B.C. on I'(M,¢)

Perturbed eigenvalue problems

AP+ XD =0 in Qfe), ¢=0 on T,

5 P
(5) g_ +od=0 on TI(M,e). (<=Robin B.C)
%
AP+ AP =0 in Q), &=0 on T,
§
( ) Z_q) =0 on [‘(]\47 6), (<: Neumann B.C.)
%

Here v is the unit outward normal vector on 0€2(¢) and ¢ > 0,7 € R are parameters.



Eigenvalues and Eigenfunctions in ()

Definition. We denote the eigenvalues of (3) by {\#(¢)}2, and the corresponding complete
orthonormal system by {®}f }22, C L*(Q(e)), respectively.

(q)kevq)ﬁe)llz( o) = 0k, 0) (k,£=1).

Definition. We denote the eigenvalues of (4) by {\} (€)}5°, and the corresponding complete
orthonormal system {®y }7°, C L*(Q(€)), respectively.

(q)k’ € (I)€ 6>L2( Qe)) — 5<k g) <k7€ 2 1>



Proposition. For k € N, A\ (€) < Mi(e) < AP(e) £ A\ +o(1) for e — 0.
(Sketch of the proof) This is proved by a (rough) test functions

5, () = {cpm) for x€Q\ B(M,r)

q)k(x)llo()gg((://;)) for x € B(M,ry)\ B(M,e¢),r = dist(x, M)

with the max-min principle through the Rayleigh quotient
Re(®) = IV 7200/ NP Z200)

AP (€) = ) S;lg)k_linf{R(g(q)) | &€ Hy(Qe)), ® L Ein L*(Q(e))}

Here E is a subspace of L*(Q(¢)).



- ~ O(1/]log €|?
|Pre — Cill 210y = O/ [og el*),  IV(Pre — Pi)ll 720y = { e

O(1/]log €])
1
Opc, Oyt k')
(Prese, P ) 2 |1Og€‘>
N N for ¢ = 2
v 67V(I) y E \10g5‘1/2
(V. K.e) L2(0(e) = { \1ogey for ¢ > 3

~

Put F' = L.H.[CTDLE, Py ey, Pr ] and see dim(F') =
Take any subspace £ C L*(€)(e )) with dim(FE) f k — 1 then there exists
koo k
V=> b, eF, VLEinLQe), 2 =1.
(=1 (=1
Then we have

V(3 e
inf Re(P) S RA(V) = ~ L

PeH(Q(e)),2LEn L2((e)) - H 2521 Csz)é,euiz(g(e))

if ¢=3
if q¢g=2



B Zl§€,€’§k(v2f)€,67 VEISK’,E)L?(Q(e))Cfo’ B Si A1+ o(1))e? + > <<y 0(1)cecy

S - k
Z1§f,£l§k(@f,ea (Def,e)L?(Q(e))CéCé' D= (1 + 0(1»0% + Z1§z#/§k o(1)cecy
< AL+ O(l)
— 1 —k?0(1)
Note that the right hand side is independent of choice of . Taking sup for all choices of
E c L*(Q(¢)),dimE < k — 1 with the max min principle

A (€) S Mg+ o(1)
Since A\, < AP(e), lime_,0 A (¢) = A, follows.

< A\ +o(1)



Proposition (Convergence). For k € N, we have
imAf(e) =N, (EEN), lLmA)(e)= M\, (keN).

e—0 e—0

Proposition (Uniform bound). For each k € N there exist ¢ > 0 and ¢(k) > 0 such
that
|<I>ﬁ€(a7)| < ¢(k), \@éve(xﬂ S ck) (x€Qe), 0< e g).



Notation
V : the gradient in R"
Vs @ the tangential gradient on M
V n : the normal gradient at a point of the manifold M

Vo=Vyo+Vyo on M

Notation

Denote the mean curvature vector field on M by H. H is a normal vector field on M.
As an operator, for a function ¢ defined in a neighborhood of M, H acts on ¢ as a differential
in H direction as follows

HI[8)(€) = lim((¢ + tH(E) — 6(€)/t ateach € € M.



Theorem. Assume that n —m = ¢ 2 3 and )y is simple in (1).
(0) We have

X)) =\ Sa—1
lim —* ()~ _| | / {_L|VN(Dk|2 — |V ar®s? + M\ @5 — q)kH[CDk]} ds(§).
=0 €l ¢ Jul qg—1

(i) Assume 7 > 1, then we have

M e) =\ Sl
lim 1) = A = ‘ | / {_L|VN(DI<:|2 — [V u®l” + Ne®j, — CPA;H[CPA;]} ds(§).
M

e—0 el q q—1
(ii) Assume 7 = 1, then we have

M e) =\ Sl
lim 1) = A = ‘ ’ / {—L’VNCPHQ - \VMCI)k’QJr()\/erC]U)CP%—CI)kH[@/@]}dS(f)-
=0 el ¢ Jul qg—1



(iii) Assume —1 < 7 < 1, then we have

A (€) =

. )\k . g—1 2
i 2= —olsr) [ anepaste)
(iv) Assume 7 = —1, then we have
. )\§<€) — >\/<: O(q T 2) qg—1 2
lim === — = PR IS \/M%(ﬁ) ds(§).

(v) Assume 7 < —1, then we have

RE .
iy D2 = (=25 [ e as(e)
€E— € M

Here |S77!| = 2m%/?/T'(q/2), which is is the measure of ST and T'(s) = [° " 'e" dt is the
Gamma function.




Theorem. Assume that n —m = q¢ =2 and )\ is simple in (1).

(0) We have
() =N _ 2 2 2
h_I)Ig.) 5 =T (—Q‘VN(I)]{;‘ — |VM(I)]§‘ + A\ Pr — CI)kH[CDk]) dS(f)
¢ M

(i) Assume 7 > 1, then we have
M) = _ 2 2 2
lim > =7 [ (=2|VND]" — [VuPs|” + N} — ©LH[Dy]) ds().
¢ M

(ii) Assume 7 = 1, then we have

A (e) = X
h_r>r(1) k( 22 i = 7T/ (—2‘VN(I)]€‘2 - |VMCD]€‘2 + ()\k + 20)@% — q)kH[CDk]) dS(S)
€ M




(iii) Assume —1 < 7 < 1, then we have
Mi(e) — N
lim = (©) i

e—0 el+T7

= 270 /M ®;.(€)ds(€).

(iv) Assume 7 =< —1, then we have

lim(AF(€) — Ap) log(1/e) = 2 /M Dy(€)2ds(€).

e—0

Remark. It should be noted that in the case 7 < —1 in Theorem 3 and Theorem 4, the
formula takes the same form as A (¢) (the case of the Dirichlet B.C. on I'(M, ¢€)). In this case
the Robin B.C. is close to the Dirichlet B.C. On the other hand, the formulas for Af(e) for
7 > 1 (in (i)) takes the same form as A} (¢) (in (0)).

Remark. S. Ozawa dealt with n = 3, dimM = 1 and proved (iii) in Theorem 4 with other
method in his preprint: S. Ozawa, Spectra of the Laplacian and singular variation of domain
- removing an eé— neighborhood of a curve, unpublished note (1998).



Sketch of the proof

] Characterization of the eigenfunction @ﬁe(x), @jk\f (z)

Estimates for uniform bound and convergence

I1] Construction of the approximate eigenfunction &)ﬁe(az), &);QV (z)

Explicit expression of the approximation



[Coordinate system in B(M, rg)]

M : a compact m—dimensional smooth manifold (M has a finite covering)

R"=TM & NeM (£ € M) (orthogonal decomposition)
Here dim(T; M) = m, dim(N:M) = q.
Let (e1(€),e2(€), - ,e4(€)) be an orthonormal frame in NeM (smooth in €) in a chart of
the covering. dry > 0 such that

B(M,ry) 22 =&+ aneg(f).

(=1
Denote the second term by 7 - e(£).



[Mean curvature operator (vector) on M|
The second fundamental form he(X,Y) of M is defined by the following formula
VyX = VX + he(X,Y) € TeM @ NeM  (orthogonal decomposition)
for any C! vector fields X, Y which are defined in a neighborhood of M and tangent to M.
The mean curvature vector H of M is defined by

He =) he(E;, E;)
i=1
for each & € M. Here {Ey, Ey, -+, E,,} is an orthonormal frame of T M (cf. Kobayashi-
Nomizu (’63)).



Lemma. I[n this coordinate system (£,7) = (&1, ,&m, M, - -+, 1), the mean curvature
operator of M iS expressed as follows.

Z 150 (3\/g(§,n)> i:_s‘ S‘ 9 foagwf )_
VY M

oy oy 1 1<% oy O

It is also expressed as a normal Veetor field

1 IV g(§,
Z\/T ( n m)nﬂ(@'

Proposition. For a C? function u which is defined in B(M, ry), we have

(Suhas = Aurlun) — Hll + Y (55 Cwm




I] Uniform bound for the eigenfunction @}, &',

Lemma (Barrier function). There exsits a function ¥.(x) (defined from K;) satisfies the
following properties. For any mo > 0, there exist €; > 0, r1 € (0,7¢] and €; > 0 such that

A + motpe S0 in B(M,ry) \ B(M,e¢),
Oe

Vezo o TMO, 16l S8 i BOM.r)\B(M,e)
”
for any € € (0, €1).

Estimates for CDfE, <I>*,7€V€

For any 71 > 0, there exists ¢ > 0 such that [®F (z)| £ cin Q\ B(M,r1) and 0 < € < 71/2
(Elliptic estimates).
By the comparison argument, we have

—c(x) S @ﬁe(w) < cp(x) in B(M,r1)\ B(M,e).
for e > 0.

Same argument applies to CD{X .



1] Approximate eigenfunction &)E’E

We first construct an approximate eigenfunction CAIVD;{;,G, by modifying ®;, around M according
to the Robin B.C. on I'(M, €). We consider ¢(n) = ¢(ny, - - -, n,) satisfying

(N, p=0 for e<|nl<mry, ¢=0 for |n|l =r,
< a¢ T _ i ] T .
| (a—%7 + o€ ¢> - = (ayncbk(g +n-e())+ o’ P&+ e(g))) "

for each £ € M. Here A, = 9°/0ni + --- + 0°/9n;. Basic harmonic functions in 7 space
solutions are given by

rlo(w), 20, (w) (20,1 <p<u(f)) harmonic functions in - R?\ {0}.
where {¢¢,(w) }r01<p<,(r) are eigenfunctions of the Laplace-Beltrami operator in S97'. The
eigenvalues y(¢) and its multiplicity ¢(¢) are given as follows

0aesq-a, - BB 1D




The solution of the Laplace equation
o(n) = Z (a1,r" 4 beyr ) (w) (e <1 < 1o,w € ST,
(20,1<p=u(0)

The coefficients ay,, by, can be calculated by the infinite series of relations determined by the
boundary condition. From the boundary condition on || = ry, we have

Z (@ pr 5 + brpry g_m)w,p(w) =0 (we Sq‘l)
£20,1=p<u(0)
which gives
ae,prg -+ bg,pro_e_q+2 =0 for £20,1=<p (0.
¢ is written by

o(n) = Z by p(r~ 42 — ro_%_q”rg)goap(w) (e <7 < rpw € ST,
(20,1<p=c(0)



We calculate the Robin condition on |n| = €. Noting
g——g——zq:ma on I'M,e)={x=E+n-e&)|&e M, |n| =¢€}
ov  Or — |n| O a =

we have the equations for the coefficients ay p, by, as follows.
(—q+1 —20—q+2_ (-1
1 Or r ) o p(w)
r=e

- ¥ bg7p((—€—q+2)r_ Sy

(20,1<p=u(¢)

—(—q+2 —20—q+2_ 1
+ g by o€ ('r T —r, r )r_e o p(Ww)
(20,1<p=()

= > AV + (ew) - e(€)), e/ In] + o€ Dr(E + (ew) - e(€))

i=1
for w € S, Multiply both sides by ¢, ¢ and integrate on S?~! and we get
T—Qﬁ—q+2€£+7> }

—20—q-+2 )
2) Eq—l—l_i_g q+ £1+O< €q+2+7_0

p €+q

{ > {(VOe + ) <£>>,ei<f>>wz-}+aa@k<g+<ew>-e<g>>}w,p<w>dw

Sq—



From these equations we get ay , by, as follows

—20—q+2
Aep = —T bep
1

—20—q+2 —20—q+2
(04 q — 2)e o+l 4 frg 2T TH2el=1 4 g(e—l—at2e7 _ p 207 0F2clhr)

~ L { D {VRUE + () - e(©)), exl€)n} + o€ BE + (ew) - e<£>>} o) du

We remark that these (e—dependent) coefficients ay,, by, are smoothly dependent on & € M
since @y, is smooth. So we denote this function ¢(z) in B(M, 1) \ B(M, €) by G (x). That

1S

bﬁ,p —

Gre(@)= Y by — 2T g (w) (2= €+ (rw) - el€)).

(20,1<p=()
Definition. The approximate eigenfunction is defined by
~ () for x€ Q\ B(M,ry)
(I)kje(ilf) —
Dp(x) — Grelz) for @ =¢&+n-el) e B(M,r)\ B(M,e)



Lemma. (i) { =0

Ty i (e(©), V2er(©)eil)) + Ole)} (T>1)
{( 1/q) 3271 (eil€), VEr(§)ei(§)) + oPi(§) + Ole)}  (r=1)
b1 = | ST 6; —(Dy() + O(e)) (—l<7<1)
;i;@k( §)+0(e) (r="-1)
“(@r(€) + Ofe)) (1 < —1)
(i) =1
g1 [1/2 (_1/@ — 1) (1> -1)
by = (V) (€)1 +0(6) x { (0= 1)/ (g —1+0) (7= -1
|1 (T < —1)
Lemma. For any N € N, there exists dy > 0 (independent of £ € M) such that
P (12 0)
byl € —= e (Cl<7<0), (1Sp=u0),022)
10) et (12 -1




Proof for the theorems

For any sequence of positive values {€,}72; with lim, .. €, = 0, there exists a subsequence

{¢p)pes and orthonormal systems of elgenfunctlons {P)}7°, and {CID '12¢ 1 of (1) corresponding
to {)\k} > |, respectively such that

(P, Pp) 120 ): 0(k,0), (DY, D)2y = 0(k, ) (k,LeN),
hm H(Dk Cp HL2 (&) = =0, hm H(Dk; G Z||L2(Q(§p)) = 0.



Calculation of the limit behavior of A\(¢) — ;.

(7 / (ADE. + A ()R )ydz = 0
o0

Assume the situation ®;7F. — @/ for € = ¢, — 0 as in Proposition 2.
Calculation on the above integral relation gives

(s) (€)= Ap) /Q )Pz = 1(0) + Bl + 1) + 1(o)
where

Ii(e) = — /F o o (@ () — Oy ())dS
I(e) = / Gre(2)(AD,(x) + Np(€)Pp o) )dx
B(M,rg)\B(M,e)
Iy(e) = / (AGho(2))(@p(x) — By () da
B(M ,ro)\B(M,e)



0Gy, o’
I4(€) = P, — G k)dS
() /F(M,e) ( Ovy " o

0Dy 0P’
I p— _— T(I) q)/ - € k 7—@/ d *
4(€) /1“(M,e) (<8V1 + 0’ Py ) D). — G, <8V1 + o€ k)) S

Careful evaluation on Iy, I», I3, 14 gives the perturbation formula in Theorem.

I4(e€) is also written




(B) Domain with partial degeneration

D C R": a bounded domain (or a finite union of bounded domains) with a smooth
boundary. The perturbed domain

Q(¢) =DUQ() CR”

Here Q(C) is a thin set which approaches a lower dimensional set L as ¢ — 0.

Eigenvalue problem

(9) AD+ud =0 in ), 0b/0v =0 on 00(()
Let {ur(€)}72, be the eigenvalues with the corresponding eigenfunctions @y ¢ (k

1\

1) such

that
(Prc, Pr )2y = 0(k, k') (kK = 1) (Kronecker’s delta)



Basic question : What is the limitting behavior of p;(() for ( — 0 ?

For the Dumbbell domain, there are results. Beale('73), Fang(’93), Jimbo('93), Gadyl-
shin(’93), Arrieta(’95), Jimbo-Morita(’95), Anné(’87)....

Convergence of the eigenvalues. Perturbation formula (first order approximation) is studied.

In this lecture I deal with more genral cases. Hereafter I mainly talk about the results in
Jimbo-Kosugi('09).



The construction of Q(() = D U Q(()

Let n,/,m € Nwithn=04+m. z=(2/,2") € R" =R xR"
D c R", L ¢ R’ bounded domains (finite disjoint union of bounded domains) with smooth
boundaries.

Some symbols:
B™(s) = {z" e R™ | |2"| < s}, L(s):= {2’ € L|dist(a’,0L) > s}

Assumption: There exists (y > 0 such that
(L x B"™(3¢)) N D = 0L x B™(3¢)) Cc 9D
There exists a function p = p(t) € C3((—o0,0)) N CY((—o0, 0]) such that

p(t) =11 < 1), pP(t) >0 (1<t <0), p0)=2, 11%1 d"ps)/ds" =0 (1< k<3)
Put Q(¢) = Q1(¢) U Qa(¢) where Q1(¢) = L(2¢) x B™)(¢) and
Q2(¢) = {(€+sV/(€),n) IR" x R™ | =2¢ £ s £0,€ € L, |n] < Cp(s/¢)}



To express the limit of {u(C)}72, we prepare the notation.

Definition. {wy}?7°, is the system of eigenvalues of

(10) Ap+wp=0in D, 0¢/0v=0on 0D
Definition. {\;}72, is the system of eigenvalues of
(11) ANYp+Mp=0inL, =0o0ndL
where , , )

A/ 0 0 0

-ttt
ox?  Ox3 Ox?

The limit of {u(¢)}32, is given by the following result.

Proposition. lim¢ o ur(¢) = pp for any & = 1 where {ux}72, is given by rearranging
{wr }72, U { A\ }72 in increasing order with counting multiplicity.

Remark. py is written as

H = X (min(wg1-, A7) -



Classification of eigenvalues

Definition
Er = A{wi}iz \ { it Err={ e} \A{wi i1, Errr = {wibrzs N {2
Relation to the eigenfunctions

Let { Py 122, C L*(Q()) be the (complete) orthonormal system corresponding to {p(¢)}32,
of (9).

Proposition.

hn% 1Pkl 20y = 0 <= i € Ei

(—

g_g% [Prcllz2py =0 <= e € Enr

hrcn_}(l)qf Hq)k’,CHLQ(Q(C)) > (), 112ﬂ_}(§1f Hq)k,C||L2(D) > () <= i € Errr



Proposition (Convergence rate)

e € Er = pup(Q) — i = O(C™)

O(¢)

For pux € Fpyr, a mixed situation occurs (as seen later).

El
IV

=N

(m



Some preparation(uniform converegence)

Consider the following semilinear elliptic equation in €2(().
Au+ fe(u) =0 in §¢), Ou/dv=0 on
Here ¢ > 0 is a parameter and the nonlinear term f¢(u) is assumed to be a C'* function in R
such that (0 f;/0u)(u) is uniformly bounded in R and f:(u) converges locally uniformly to a
C! function fo(u) for ¢ — 0.
Theorem ([8]). Let {(,};2; be a positive sequence which converges to 0 as p — oo and
let uc, € C*(€(¢p)) be a solution of the above equation for ¢ = ¢, such that

sup sup |ug,(v)] < oo.
p=1 2€Q((p)

Then there exists a subsequence {7, }°%, C {(,}52, and functions w € C*(D) and V' € C*(L)
such that




0
Aw + fo(w)=0 in D, 8—15 =0 on 0D (Neumann B.C.),

AV + fo(V)=0 in L, V(2')=w(' o) for 2 €dL,

Jim Sup [tg,(2) —w(z)| =0,

lim  sup  |u, (2, 2") = V(2')| =0,
P—00 («/ 2")EQ(0y) b

where A" = Zi::l 0*/0x%. Note that L x {0"} C dD.



Perturbation formula [Type (I)]

Let {¢r}72, be the system of eigenfunctions of (10) (eigenvalue problem in D) orthonor-
malized in L*(D).

Assume ;. € Ey and there exists k' € N such that p = wyps. Assume also that wy is a
simple eigenvalue of (10).

Theorem.
pi(C) — pe = S(m)a(k)C™ + o(C™)
where IV,
alk) = [ HE)ow(S, o")dS
oL oV

Vie(2') is the unique solution V' € C?(L) of
AV +wyV=0inL, V(&) =ou&d)for&edL.

S(m) is the m-dimensional volume of the unit ball in R™.



Perturbation formula [Type (II)]

Let {11} be the system of eigenfunctions of (11) (eigenvalue problem in L) orthonormal-
ized in L*(L).

Assume ;. € Erp and there exists k" € N such that g, = Ao Assume also that A\pv is a

simple eigenvalue of (11).

Theorem.
h(€) = = —=B(K")Clog(1/0) + o(Clog(1/C)  (m = 1),
uelQ) = i = ~T(p,m)B")C +0(C) (m 22).

s = [ (%eie) as

and T'(p, m) is the number which depends on €2(¢) (to be explained later).

Remark. For the case of Dumbbell, Gadylshin(’93) obtained this result m = 2 and Arrieta
(’95) obtained this result for m = 1.

where




Quantity T'(p,m) (m = 2)
Harmonic function G in the set H = H; U Hy C R X R where H;y, Hy are given
H; =(0,00) x R™, Hy ={(s,n) e RxR™ | |n| < p(s), s < 0}.
Proposition. There exists a solution G to

9°G i": 9°G e

52 =0 () eH) —-=0 ((s,n) € 0H)

such that
G(z)=G(s,n) — 0 for (z € Hy,|z| = o)
G(s,n) — (—K1S+ ko) — 0 for (z € Hy, |z| = o)
where k1 > 0, ko are real constants. kg/k1 is uniquely determined by H.

Definition. T'(p,m) = Kkao/K1.



Perturbation formula [Type (III)]

Assume u; € Eyjr and there exists k', k" € N such that pu, = wp = A\, Assume also that
wy 18 simple eigenvalue of (10) and Agr is a simple eigenvalue of (11).

We have the situation
Mr—1 < g = Pr+1 < k42

Theorem. For m = 1, we have

pe(Q) = e =1 (K K¢ + 0(¢M?)
i 1(C) = prpr = 7 (K RG24 0(¢?)
where fyf(k’ k") are eigenvalues of
( o P00 )00t 105
V2 [ 00/ 0)(€)p€, 0")dS” 0



Theorem. For m = 2, we have

pe(€) = e = 72 (K, E7)¢ + o(C)
pi1(C) — prr = 73 (K, k)¢ + o(C)
where 75" (K', k") are eigenvalues of
( 0 ﬁfaL<a¢k"/aV/)(f)¢k/(§7 0/’)dsl>
VT [y 000/ 00 )36, S —T(5,2) [, (@) €) P

Remark. For the case of Dumbbell (m = 2,n = 3), Gadylshin ('05) got this result. See
Jimbo-Kosugi(’09) for more genral cases.



Theorem. Assume T'(p, m) > 0. For m 2 3, we have
pr(C) =t = Y (K’ B)C + 0(C)
p1(C) = pryr = Y (K K")C™ ™ 4 0(C)

b\
b k) = ~T(om) [ (GE(e)) ds

iy = stmripm (| Goarieras)) ([ Garioontc. o)

where

In the case T'(p, m) < 0, the right hand sides are exchanged.
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